LANDAU-96-TMP-1 



hep-th/ 960 1025 



On 2D gravity coupled to c< 1 matter in Polyakov 

light-cone gauge 

Oleg Andreev* 

L.D. Landau Institute for Theoretical Physics, 
Kosygina 2, 117940 Moscow, Russia 

Abstract 

A new formulation of c < 1 matter coupled to 2D gravity is proposed. This 
model, being closely analogous to one in the Polyakov light-cone gauge, possesses 
well defined global properties which allow to calculate correlation functions. As an 
example, the three point correlation functions of discrete states are found. 



Since the seminal works of Polyakov, Knizhnik and Zamolodchikov|T], [|, there has been 
much progress in understanding the continuum field theory approach to 2D gravity (see 
e.g. 0| and refs. therein). Majority of efforts has been devoted to the study of the coupling 
of conformal matter to gravity in the conformal gauge. The reason why it is useful lies 
in the facts that it is the standard gauge for conformal field theory and its properties on 
the Riemann surfaces are well known. At the same time, the properties of the Polyakov 
gauge are little known which restricts the applications of such a gauge. In this letter I will 
present results of a new formulation of c < 1 matter coupled to 2D gravity motivated by 
the hope that this theory, being closely analogous to one in the Polyakov gauge, possesses 
well defined global properties which permit to calculate correlation functions. 

The starting point is the G/G topological model for G=SL(2) ||]. The Hilbert space of 
the model decomposes into holomorphic and anti-holomorphic sectors. For my purposes, 
I need only one of them. Let me choose the holomorphic sector. It has SI2 © SI2 © sl 2 as 
the symmetry algebra. The corresponding currents form the following OP algebras 

J:(zi)J!(z 2 ) = \<f \ 1 + jf^-J2{z 2 ) + 0(1) , (1) 

I [Z\ — Z2) \Z\ — z 2 ) 
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where q al3 is the Killing metric of sl 2 , f a ^~ are its structure constants and a is a parameter 
labelling algebras in the direct sum. One can always choose a basis of sl 2 such that 
g oo = h q +- = q -+ = 2) f+ + = f -o_ = ^ f +- = 2; aj/3jT = 0, +, -. The levels are 

given by 

ki = k, k 2 = -k - 4 , k 3 = 4 . (2) 

It should be noted that J% are expressed in terms of the first order femionic systems(ghosts) 
of weights (1.0). Explicitly Jg(z) = f a p : b^(z)c y (z) : . The Fock space jF gh is built on a 
vacuum state |0) gh by acting with the corresponding modes of the free fields[|. Its struc- 
ture is described in terms of the irreducible representations of sl 2 , namely it is a direct 
sum of the integrable representations. Normalize the ghost number such that the vacuum 
|0) gh has ghost number zero. I will focus on physical operators at ghost number zero so I 
don't explicitly write down the dependence on ghosts in most cases in what follows. 
The stress-energy tensor is a sum of Sugawara terms of J" and J% currents and the usual 
contribution of the ghost systems: 

T & = kT2 qaP : J ^ Z)J ^ Z) : -kT2 qaP : J ^ Z)J ^ Z) ■ +q "P : ba ( z ) dcP ( z ) ■ ■ ( 3 ) 

It is easy to see that the Virasoro algebra generated by this stress-energy tensor has zero 
central charge. 

As to the algebraic structure and physical states of the model I refer to refs.[4,7]. 

In general, when given representations of a chiral algebra(symmetry algebra), in order 
to define fields of quantum field theory, one needs a construction attaching representations 
to a point. In [5] Feigin and Malikov proposed the improved construction for the case of 
SI2 (see also M). The point is that a module should be attached to a pair (x,z). The 
coordinate z is a point on a curve. As to x, it must be taken as a point on CP 1 . Note 
that in physics x is called as isotopic coordinate. The generators of sl 2 are given by 

^7 = 1-, S° = -x^-+j, S + = -x 2 -?-+2jx. (4) 
J ox J ox J ox 

Here j is the weight of representation. 

The chiral currents are turned into a form(current) 

J{x, z) = J + (z) - 2xJ°(z) - x 2 J-(z) . (5) 

It is easily shown that the Operator Product (OP) expansion of J(x, z) is 



J(x u Zl )J(x 2 , z 2 ) = -k^f - 2^ J(x 2 , z 2 ) - ^ A J(x 2 , z 2 ) + 0(1) , (6) 

Z 12 Z\ 2 Z\ 2 OX-2 



^ote that in my conventions |0) gh = eg |0) (g cj|0> ® c |0) . 



2 



where — ^% j *c ^ j — x ^ ' 

The primary fields are defined via their OP expansions with the current 

J( Xl , z x )& (x 2 , z 2 ) = -2j^& (x 2 , z 2 ) - ^^-^ (x 2 , z 2 ) + 0(1) . (7) 

z X2 z 12 dx 2 

It should be noted that in the general case the primary fields are non-polynomial in x. 
Furthermore, J(x, z) is not primary. 

It is now straightforward to use this machinery in the case at hand. Let J\(x,z) and 
J 2 (x, z) be the corresponding forms of the algebras in the direct sumQ. The primary fields 
at ghost number zero are given by 

& uj2 (x,x,z) = $ jl (x,z)<S> j2 (x,z) . (8) 

Here $ J1 (x, z)^^ 2 ) is primary with respect to J\(x, z)( J 2 ). 

The idea that the SL(2)/SL(2) model is connected to the minimal models coupled to 
gravity was put forward in ref. f7j, in a study of some "numerological" correspondences 
and partition functions. This discusses mainly the conformal gauge. 

Let me now clarify some points in my framework. Setting x = x = z, which corre- 
sponds to the quantum hamiltonian reduction of sl 2 ®sl 2 to Vir®Vir ||, one immediately 
obtains the minimal model coupled to gravity, more correctly its holomorphic sector in 
the conformal gauge f\. In this case the first Vir describes the matter sector. The second 
Vir corresponds to the Liouville (gravity) sector. It is straightforward to see that, under 
x = x = z, Ji(z) and J 2 (z) are constrained. It leads to the following stress-energy 
tensors 

In terms of fields the reduction is given by 

&n. m ( X; z) -> (j) n . m (z)expf3 n . m <p(z) . (10) 

In the above, j n _ m take values defined by the Kac-Kazhdan list ||. Namely 

n — 1 . m — 1 . . + n + 1 . m . 

Jn.m — — 2 — 3- ^ 2 — ^ + ° r ^ n - m = 2 — ^ ~ ~2^ + ' 

with j_ = 1 , j+ = -k - 2 , k G Q , {n,m}eN[]. 

As to the right-hand side it is the primary field 4> n .m{z) of the minimal conformal theory 
dressed by the Liouville exponent (see e.g. and refs. therein). 

2 In fact, in the case of integer levels one doesn't need the x variable, so the ghosts don't lead to an 
additional isotopic coordinate. 

3 Note that Vir means the Virasoro algebra. 

4 For the rational level k the weights given in (11) are called admissible fl(J. 



3 



It is surprising that there exists another construction which represents an analog of 
the minimal conformal matter coupled to gravity in the Polyakov gauge. Let me explain 
how this idea can be implemented. In contrast to the previous case set x — z. ^From this 
it follows that only Ji(z) is constrained. As a result one has Vir © sl 2 as the symmetry 
algebra. The stress-energy tensors are those given in (9). It is worth noting that they take 
such form due to entirely different reasons, namely the quantum hamiltonian reduction 
and decomposition (5) respectively. 

For the primary fields one obtains 

$ inm (x, z)$ jn - m (x, z) — > 4> n . m (x)§ jnm (x,x) , (12) 

where j n .m's are from the Kac-Kazhdan list. It should be stressed that <& 3n - m {x, x) is 
primary with respect to sl 2 but not with respect to T given by eq.(9). 

Now let me show that the proposed construction provides all features of the minimal 
models coupled to 2D gravity in the Polyakov gauge. 

It is easy to check that a condition c tot = is equivalent to a relation for the levels 
k\ + 2 = — k 2 — 2 given by eq.(2). The same is also true for the conformal gauge where it 
automatically leads to a relation between background charges of the matter and Liouville 
sectors [[|. 

The KPZ scaling law |], 0, determining the 5/2 weights of the primary (spinless) field 
4> n .m interacting with gravity is satisfied by setting j 1 = j 2 for the primary fields (8). By 
the way, in the case of the conformal gauge a proper Liouville exponent is reproduced by 
3i = -32 - 1. 

Moreover the residual sl 2 algebra assumes the Knizhnik-Zamolodchikov (KZ) equation 
for the correlators of the primary fields <& 3nm (x, x). Explicitly 

-(k + 2) — ($k(x 1 ,x 1 ) . . . &»(x N ,x N )) = T ™UUL{ph^ Xx ) . . . &»(x N ,x N )) , 

OXi 4-f Xi-Xi 

(13) 

where are the generators of sl 2 (4) i.e. the differential operators with respect to 
Xi. Note that the term dJ 2 (x) modifying the stress-energy tensor doesn't affect the KZ 
equation because the current J 2 (x) has no log 2 terms in its mode expansion. 

In contrast to the Polyakov gauge where a global structure of 2d world sheet is unclear 
in the case at hand one has a well-defined CP 1 x CP 1 structure. It allows to solve the 
KZ equation for the admissible representations by the methods of conformal field theory 
(see for instance fLT| ). 

Of course in the above I have not said anything specific about the BRST analysis of 
physical states. In order to find them one must solve the BRST cohomology problem. I 



refer to the paper by Marcus and Oz for more details [12 |. 
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Now let me give an explicit calculation of correlation functions. My aim is to find the 
three point functions of operators 

O n . rn = J dii n . m (x,x;k)(f) n . m (x)<S> jnm (x,x) . (14) 

Here fx n , m (x,x; k) represents a measure which will be defined later. (j) n _ m (x)^ jnrn are the 
primary fields (12). Having set notations as above one gets 

(O 

ni.rni&n 2 .m 2 (-)n 3 .m 3 ) ^J^J / dfJim.rriifaii "^ii 

(Xi)$ Jn i m i(Xi,Xi)) . (15) 

1=1 •* 

The integrand is factorized into two pieces: 

These correlators are standard, and I find 

(0n 1 .m 1 (^l)0 n 2 .m 2 (x 2 )(f> (**)> = c 

(n 2 .m 2 )(n 3 .m 3 ) J.1 („. W ; (A ) ' 

(17) 



i<l 



with y nm = y n -y m , 712(1/) = 2/1 + 2/2 — 2/3 , 713(2/) = 2/i + 2/3 — 2/2 , 723(2/) =2/2 + 2/3-2/1 
and 

Moreover, C(C) are the square roots of the structure constants for the minimal models 
and SL(2) CFT respectively. 

Substituting (17) and (18) into (15) one arrives at 



in n n \ — n( n i- m i) A(ni-"n) 

\^ni.mi^n 2 .m2^n 3 .in 3 / ^ (n 2 .m 2 )(n 3 .m 3 ) ^ (n 2 .m 2 ){n 3 .m 3 ) 

3 

*n / ^n i .m i (^,^;^n(^) 7<i(j) (^) 7ii(j) 

1=1 ^ i<l 



(19) 



Let me now consider the euclidian domain Xi = x*, where the star denotes the complex 
conjugation. The correlation function is rewritten as 



(Cni.mi<9n 2 .m2^ra3.m 3 ) = C(n 2 . m2 )(n3.m 3 ) ^(n 2 .m2)(n3.m 3 ) H / ^^ n i- m i ( Xi ' X « > ^) H ^ I ^ 

i=l i<Z 



(?) 

(20) 



5 



The factor CC can be found from the explicit expressions of the structure constants 



13| , |TTJ, after some simple but tedious algebra. Unfortunately this is not the case for the 
integral at generic weights j n . m . However, if m is equal to 1, then is an integer or 
half-integer. At these values of the weights the primary fields form SU(2) multiplets ||. 
The integrand is the generating function for the Clebsch-Gordan coefficients of SU(2). As 
to the measure, one can consider the limit k — > oo. In this limit it is the standard SU(2) 
invariant measure. Explicitly 



cpx 

dlMn(x,X*)= . (21) 



The integral in eq.(20) reduces to 
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/(»,,».,%)-n/ 7TTCTwrIIl*«r , "- ,) • < 22 > 



1=1 v 11/ t< l 



It assumes a remarkably simple form 



J(n 1 ,n 2 ,n 3 ) = r(a+i)n r( ^^ ) , (23) 
where a = ^ + f + f. 

The integral has been calculated for some cases, by using the following normalization 
J dfj, n (x, x)\x\ 2m = T(m + l)T(n — m)/T(n + 1), and then the general form (22) has been 
guessed. 

Using the expressions for the structure constants and result (23) the three point func- 
tion of the operators (14) with j n , m = j~ A can be found in the form 

^,0-M=(^_f . (24) 

The non-trivial n-dependence cancels out, and I end up only with leg factors. 
Finally, normalize the correlation functions in the same way as in |14| one gets 

(0-.j0-.j0- .!>«,«, = n in2 n 3 . (25) 
This formula agrees with both the matrix model result and conformal gauge one M, Bfl. 



Note that the operators 0~ A correspond to operators in the conformal gauge. Thus 
they represent discrete states in the Polyakov light-cone gauge. 

To summarize, the main point in this letter is the well defined structure of 2d world 
sheet. It allows to avoid a question on a global fixing of the Polyakov gauge. Moreover all 
properties of c < 1 matter coupled to 2D gravity in the Polyakov gauge are retained. So 
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one gets better control of the model. The construction reminds one of an idea by Schwarz 



15] that there exists a well defined gauge so that the theory has the same properties as 



in the Polyakov gauge. 

Let me also mention some interesting features of the construction together with open 
problems. 

(i) One is on a "world sheet-isotopic" transmutation. Indeed, starting with the SL(2)/SL(2) 
model, and defining z as the world sheet coordinate and x, x as the isotopic ones, one 
arrives at a rather amusing picture: x, x become the world sheet coordinates of the model. 

(ii) The chiral sector of the SL(2)/SL(2) theory reduces to the chiral sector of the minimal 
models coupled to gravity in the conformal gauge under the quantum hamiltonian reduc- 
tion. On the other hand it is possible to reduce the same sector to the full theory for the 
Polyakov gauge. So, one can imagine that this gauge provides a "minimal" description of 
the model. 

(iii) In order to calculate the correlation functions for O n , m operators one needs SL(2) 
invariant measure d\x which depends on k in a rather nontrivial way as well as integrands. 
In fact integrands for the four point (etc.) correlation functions are known only for the 
simplest case of the free fermions where they were found due to the path integral methods 
|16| . Unlike the minimal models there is no general principle for combining the conformal 



blocks in the model. The obvious origin of this trouble is that the number of conformal 
blocks in the minimal models and SL(2) conformal field theory are different. The problem 
is to find measure and integrands. 

I am grateful to B.Feigin, R.Metsaev and A. S. Schwarz for useful discussions and 
G. Lopes Cardoso for reading the manuscript. I would also like to thank M.Lashkevich 
and N.Marcus for drawing my attention to refs.0 and |L2| respectively. This work was 
supported in part by INTAS grant 94-4720. 
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